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Synopsis

The paper gives a rather complete tabulation and discussion of properties of a system of single sampling 
attribute plans obtained by minimizing average costs under the assumptions that costs are linear in p, the 
fraction defective, and that the distribution of lot quality is a double binomial distribution. The optimum 
sampling plan (n,c) depends on 6 parameters (N,pr,pg, Px,p2,u>2) where N denotes lot size, (pr,ps) are suitably 
normalized cost parameters, and (P!,p2,w2) are the parameters of the prior distribution. It may be shown, 
however, that the weights combine with the p’s in such a way that only 5 independent parameters are left.

A procedure to obtain the exact solution of the problem has been developed in a previous paper and 
this procedure is used for computing a set of master tables in which p = pg = 0.01 and 0.10, w2 = 0.05, 
(Pi,p2) take on suitably chosen values in relation to the value of p , and 1 <_ N < 200,000.

The properties of the optimum plans are studied, and simple conversion formulas are derived which 
makes it possible to find the optimum plan for an arbitrary set of parameters from a plan in the master tables 
with a “corresponding” set of parameters. The main tool for this investigation is the asymptotic expressions 
for the acceptance number and for the sample size, viz. c = np0 + a + o(l) and n = — | lmV — -lnlnN +

3 \ <p0 \ 2
InA + -ln<p0 I + °(1), where p0 and <p0 are functions of (px,p2) only, whereas a and 2 depend on the other 
parameters also. It is furthermore shown that the minimum value of the standardized costs per lot asymp
totically equals the costs of sampling inspection plus a constant and that the producer’s and the consumer’s 
risks tend to zero inversely proportional to lot size. By means of the asymptotic formulas it is possible to 
find out how (n,c) vary with the individual parameters and derive two general conversion formulas.

Efficiency of various other systems of sampling plans is studied in relation to the present model and 
some general recommendations are made.

PRINTED IN DENMARK
BIANCO DINOS BOGTRYKKERI A/S
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1. Introduction and Summary

Lhe main purpose of the present paper is to give a rather complete tabulation and
1 discussion of properties of a system of single sampling attribute plans obtained 
by minimizing average costs under the assumptions that costs are linear in p, the 
fraction defective, and that the distribution of lot quality is a double binomial dis
tribution.

Starting from a cost function containing 6 parameters and a mixed binomial 
prior distribution it is shown how the average costs may be written in a standard, 
form containing only two parameters, pr and ps, besides the parameters defining the 
prior distribution. The one parameter, pr, is the economic break-even quality and 
depends on the costs of acceptance and rejection only, whereas the second parameter, 
ps, also depends on the costs of sampling inspection and the average quality. In a 
simple and practically important case pr and ps denote the costs of rejection and 
the costs of sampling inspection, respectively, divided by the costs of accepting a 
defective item.

Specializing the prior distribution to a double binomial distribution defined by 
the two quality levels (p1,p2) and the weights (w1,w2), w± + w2 = 1, it will be seen that 
the optimum sampling plan (n,c) depends on the 6 parameters ÇN,pr,ps,pl,p2,w2) 
where N denotes lot size. It may be shown, however, that the weights combine with 
the p’s in such a way that only 5 (independent) parameters are left.

A procedure to obtain the exact solution of the problem has been developed in 
a previous paper and this has been used for computing a set of master tables in which 
pr = Ps = 0.01 and 0.10, w2 = 0.05, (pi,p2) take on suitably chosen values in rela
tion to the value of pr, and 1 TV S 200,000.

In the remaining part of the paper the properties of the optimum plans arc 
studied with the purpose to derive simple conversion formulas which will make it pos
sible to find the optimum plan for an arbitrary set of parameters from a plan in the 
master table with a “corresponding” set of parameters. The main tool for this in
vestigation is the asymptotic expressions for the acceptance number and for the sample 
size, viz.

c = np0 + a + o(l) and n
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where p0 and </0 are functions of (/q,p2) only, whereas a and 2 depend on the other 
parameters also. Il is furthermore shown that the minimum value of the standardized 
costs per lot asymptotically equals the costs of sampling inspection plus a constant 
(depending on (p15p2)) an^ that the producer’s and the consumer’s risks tend to zero 
inversely proportional to lot size. Numerical investigations show that the asymptotic 
expressions give good approximations to the optimum plan even for quite small 
values of N.

By means of the asymptotic formulas it is possible to find out how (n,c) vary 
with the individual parameters. One of the most important results is found by letting 
all the p’s tend to zero which leads to “the proportionality law”: The optimum samp
ling plan corresponding to ÇN ,Åpr,Åps,Åp1,Åp2,w2) is approximately equal to (n*/A,c*) 
where (n*,c*) is the plan corresponding to (N*,pr,ps,pr,p2,wf) with 2V* = NÅ.

This theorem combined with other similar results regarding the elfect of varying 
the individual parameters lead to two general conversion formulas stated in sections 8 
and 11. A summary of these formulas is given at the end of the paper in connection 
with the tables.

Efficiency of a sampling plan is defined as the ratio of the standardized costs 
(loss) of the optimum plan and the costs of the plan in question. Efficiency is discus
sed for various alternative systems and the efficiency of using optimum plans deter
mined from wrong values of the parameters is studied.

Finally the present system is discussed in relation to other systems and it is 
pointed out that from an economic point of view it is not advisable to fix the consumer’s 
or the producer’s risk. If one wants a system with a fixed risk then the risk should be 
fixed to 50 per cent at a point between p± and p2. Two such IQL systems are then 
briefly discussed.

2. The model

Several authors have studied economic models, mostly linear, for the determina
tion of single sampling inspection plans by attributes, see for instance [1] and [2].

We shall here start from the formulation proposed by Gutiibie and Johns [3] 
and show how the model may be reduced to a standard form as previously used by 
Hald [4].

Let Ar and n denote lot size and sample size and let A" and x denote number of 
defectives in the lot and the sample, respectively. The acceptance number is denoted 
by c.

Let the costs be

nSx + .rS2 + (A' - n)Ax + (A" — .t)A2 for x c ( 1 )
and

7lS\ + xS2 + (AT - n)lf + (A' — x)Ii2 for x > c. (2)

The interpretation of the six cost parameters depends on the kind of inspection 
envisaged, i.e. whether inspection is a consumer’s receiving inspection, a producer’s 
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inspection of finished goods, or “internal inspection’’ by delivery of goods from one 
department to another within the same firm. The cost parameters may have quite 
different values when considered exclusively from a producer’s or a consumer’s 
point of view because certain costs are borne primarily by one of the parties involved. 
The values of the cost parameters also depend on whether the inspection is rectifying 
or non-rectifying, destructive or non-destructive. In the following the two cost expres
sions are discussed and a few examples of interpretation are given.

Costs associated with the sample, nS1 + æS2, for brevity called “costs of sampling 
inspection” consist of two parts: one part, nSj, proportional to the number of items 
in the sample so that includes sampling and testing costs per item, and another 
part, .rS2, proportional to the number of defectives in the sample, i.e. S2 denotes 
additional costs for an inspected defective item. If defective items found in the sample 
are repaired, say, then S2 includes the repair costs per item.

“Costs of acceptance” are similarly composed of a part, (N-ii)A1, proportional 
to the number of items in the remainder of the lot, and another part, (X-x)A2, propor
tional to the number of defective items accepted. Whereas Ax usually will be zero or 
negligible, A2 will often be considerable. If accepted items are used as parts in an 
assembly operation, say, A2 may include the manufacturing costs (or the price) of 
an item, the costs of handling the defective item in assembling and disassembling, 
and the damage to other parts used in the assembly. In case of inspection of finished 
goods A2 may include costs of repair, service and guarantees plus loss of good-will.

“Costs of rejection” consist of a part, (ïV-7î)/?1, proportional to the number of items 
in the remainder of the lot, and another part, (X-x)R.2, proportional to the number of 
defective items rejected. Rejection is here taken in a broad sense meaning only that 
the lot cannot be accepted according to the sampling plan used. Rejection may there
fore lead to sorting, price reduction, scrapping, or salvaging. If rejection means sort
ing, say, then R± includes sorting costs per item and R2 denotes additional costs for 
defective items found, for example costs of repair or replacement.

It is obvious that from a practical point of view it will in general be easiest to 
obtain information on the values of the cost parameters in the case of “internal in
spection’’.

Denoting the hypergeometric probability by

w
the average costs for lots of size N with X defectives become

K(N,n,c,X) = 2 + xS2)p{x | X} + 2 ((^ “ n)Ai + (x ~ x)A<j)p{x I A}
x = 0 x — 0n

+ S ((X- n)Rx + (X- x)R2)p{x\X}.
(3)
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Let fdenote the (prior) distribution of A”, i.e. the distribution of lol quality. 
The average costs then become

K(N,n,0 - 2K(N,n,c,X)fN(X). (4)
X

As shown in [4] this expression becomes linear in N for the important class of 
mixed binomial distributions, i.e. for

1
/a<A) = J [^PXQN~XdW(p) (û)

0

where W(p) denotes a cumulative distribution function (independent of A7).
From (3)-(5) we find

i
/\(A’,zj,c) = f K(N,n,c,p)(lW(i>) (6)

o
where

Æ(Mn,c,p) = n(S1 +S2p) + (AT - n)((Ax + A2p)P(p) + (^ + Ä2P)0(p))> (7)

p(p) = B(c,n,p) = 2 (s)
x = 0 W

and Q(p) = 1 -P(p).
For convenience the frequency function corresponding to VV(p) will be called 

the distribution of the process average or the distribution of p as distinct from fy(X) 
which gives the distribution of X/N, i.e. the distribution of lot quality. (The following 
discussion will be in terms of p).

Limiting the prior distributions to mixed binomials, (6) shows that the average 
costs may be considered as an average of the cost function (7), which is a function of p, 
with respect to the distribution of p. It should be noted that this result is valid for any 
(A7,n) for a mixed binomial prior distribution and that a similar result holds for 
A" -> oo, n -> oo, and n/N -> 0, for any prior distribution. The limit theorems derived 
in the following may therefore be applied in general.

The sampling plans discussed are obtained by minimizing K(N,n,c) according 
to (6) with respect to (n,c) for given cost parameters and prior distribution and 
they will be called Bayesian single sampling plans or optimum plans.

Starting from (7) we introduce the three cost functions

Å’5(p) = S] + S2p, œ
A-a(p) = Aj + A2p, (10)

kr(p) = Pt + l^p, (11)
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defined for 0 p 1 . We shall make the following assumptions regarding 
functions :
1. All three functions are non-negative and none of them is identical zero.
2. /ca(0) < År(0) and 2ca(l) > A’r(l), from which follows that the equation ka(p) = 
has the solution

/A = (^i ~ — ^2)’ < Pr < 1 ’

pr being called the (economic) break-even quality.
3. ks(p) è km(p) for 0 â p 1, where

_ \ka(P) for P = pr I
U/?) for p > pr. I

The function km(p) gives the unavoidable (minimum) costs, i.c. the costs correspond
ing to the situation where perfect knowledge of quality exists without costs and all lots 
are classified correctly on basis of the corresponding process average, viz. accepted 
for p pr and rejected for p > pr.

Averages over the prior distribution are denoted by ks,ka, etc., i.c.

1

/■«. = / WW) = Å„(p) = A, + A2p, (14)
0

and
1 Pr 1

km Jkm(P)dW(P) = J ka(P)dW(P) + j kr(P)dW(P) • G 5)

0 0 Pr

Costs per item are denoted by k, costs per lot by the corresponding K, i.c. K = Nk. 
The average costs for the three cases without sampling inspection, i.e. the cases 

where
(a) all lots are classified correctly,
(b) all lots are accepted, and
(c) all lots are rejected,

these

Mp)

(12)

(13)

then become km, ka, and kr, respectively. These cases are usefid “reference cases” 
since sampling inspection is justified only if k - km < min{ka — km, kr-km}, where 
k = K(N,n,e)/N.

Case (a) will usually be considered as the basic reference case and average costs 
for other cases will therefore be reduced by km, since km represents the average fixed 
costs per item which will be incurred irrespective of the decision made. The cost 
differences
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and
vr

i

Pr
kr - km = j (Å’r(/0 “ ^(/>W(p)

O

represent average decision losses in case (b) and (c) respectively, and ks-km represents 
the average “loss” by inspection.

From (6) and (15) we find
i

/< = nks + (Ar - n) J (ka(p)I\p) + kr(p)Q(p))d\VQ>) (16)

o
and

leading to

+ (7V

ltkm I- (2V-n)s
1

J ka(p)dW(.P) + f Ar(/0<^V’(/0

o Pr

1

Pr

n(ks km)

- n(Â’s - km) + (xV - n)(A2
1

: J (P - Pr)P(l>)d\V(p)

Pr
(17)

the two terms giving (he average costs of sampling inspection and the average decision 
losses, respectively.

Instead of minimizing K with respect to (n,c) we might just as well minimize 
K - Km’(K ~ Km)KA2 - 70)’ or (Æ - Km)!{ks ~ km)> since Km>A2 ~ A2’ and ks ~ km are 
independent of (n,c). It will be seen from (17) that it is practical to use A2 - /?., or 
ks - km as “economic unit”.

Delining
Pr 1 Pr

Pm = pdW(p) + prdW(p) = Pr - j(Pr - P)dW(p) (18)

0 pr 0

we lind 0 pm pr and
Pr Pm ~ (kr ~ km)KAz ~ R2) • 0*0

Defining ps by means of
Ps Pm (ks km)K.A2 A2) (20)
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we lind

and
P s - Pr = (k, - kr)/(A2 - ll2) (21)

Introducing
Ps = {(Si — ylj) + (S2 — R2)p}/(A2 ~ ^2)- (22)

R*(N,n,c) = {A(;V,n,c) - Aj/(d2 - A2) (23)
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we find the standard form

R ‘ = n(Ps - Pm) + -
I 1

") J(a- - p)Q(p)d^(p) + j (p pr)pCp)dW(p) 
|o pr

(24)

containing only two parameters pr and ps-pm, instead of the six cost parameters in 
the original model, see [4]. Il should be noted that ps~pm depends on the prior dis
tribution besides on the cost parameters.

Consider the special case given by ka(p) = A2p, kr(p) = Bl, and ks(p) = Slt 
which is a model commonly used in practice. It follows that pr = B1/A2 and ps = S1/A2,
i.e.  pr and ps are the costs of rejection and of sampling and testing, respectively, 
measured with the cost of accepting a defective item. This simple interpretation of pr 
and ps is one of the reasons for using them as parameters.

Il is often useful to discuss the problem in terms of the simple cost functions 
k„(p) = p, kr(p) = pr, and ks(p) = ps, which immediately lead to the form (24). 
The corresponding form of (7) becomes

Ko(p) = nPs + (N ~ n)(pP(P) + PrQ(P))

from which the general form may be found as

Æ(/;) = (A2 - Z?2)Ä0(p) + (nS2 + (rV - lPflQp + (AM1 - n(S2 - h2)p).

A sketch of the cost functions for a typical case has been given in Fig. 1, which 
is based on the data in section 13.

For some purposes it is useful to use ks — km as economic unit instead of A2-7?2. 
Putting

K(X,n,0 - {K(N,n,c) - Km}/(ks - A„),
i.e.

we lind
R = R*KPs - Pm) ’

N — nB = n +----
Ps ~ Pm

Pr 1
f (Pr ~ P)Q(P)dW(p) + j(P~ Pr)P(P)dW(P)

o pr
(25)

the two terms again giving the costs of sampling inspection and the average decision 
losses, respectively, but here using the average costs of sampling inspection (minus 
A'rø) per item in the sample as economic unit.

In the next section we shall discuss the determination of (n,c) for a double bi
nomial distribution as prior distribution. This means that p is a random variable 
taking on only two values, pt < pr < p2, with probabilities mr and iv2 = 1 - m1, 
respectively. From (25) we then lind

B = n + (A - n)(yMpj) + y2P(p2)) (26)
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where
Vi = \Pi~ Pr\lviKPs~ Pm) = \ka(Pi) ~ kr(Pi)\ll,ilCks ~ km)> 1 = ^2, (27)

Pm = Pllvl+Prw2> (28)

i.e. R depends on four parameters only, viz. p1;p2, 7i»72•
The correspondingly standardized costs for the cases of acceptance and rejection 

without inspection are
R(i = N(ka ~ km)l(ks ~ km) = (29)

and
Rr - N(kr ~ km)l(kg - km) = (30)

These results may also be obtained from (26) for n = 0 by setting P(p) = 1 and 0, 
respectively.

If acceptance without inspection is cheaper than rejection without inspection, 
i.e. ka < kr we find p < pr and y2 < yr.

In the special case ks = kr we have ps = pr and yL = 1 so that the model con
tains only three parameters.

It should be noted that
P ~ Pm 1 Ps ~ Py2 = --- ------  = I -
Ps ~ Pm Ps ~ Pm

and
Pr ~ Pm . Ps ~ Pr

71 = —T— = 1 “ 7T—•
Ps Pm Ps Pm

3. The exact solution and the tables

In a previous paper [4] we have proved the following theorem:
For a double binomial (prior) distribution of lot quality given by the parameters 

(.Pi>P2>w2) and for linear cost functions (1) and (2) the Bayesian single sampling plan 
may be found by minimizing R(N,n,c), see (26), with respect to (n,c). The solution 
satisfies the two inequalities

(33)

(34)

(35

ß (36)
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and
Ps - Pr + 2wi(Pr - Pi)B(c>H,pf)

F(n,c) = n + 1 + —- *------------------------. (37)
2™i(Pi- Pr)Pib(c>n>Pi)
i

For two plans and (t72, c2), cx < c2 say, satisfying (33) and having over
lapping N-intervals according lo (34) /?(Ar, n1, c^) < R(N, n2, c2) for x m2 where

v (Ps ~Pr)Cn2 - nl) + ^2V(n2>C2) - nlX;,l’Cl) zooxA12 = ------------ ------------ ------------- (38)
y(7?2-c2) - X>i>ci)

ane?
XO’.O = lii’i(pr- Pi)B(C’"’Pi)- (39)

i

In [4] the theorem was derived as a special case of a more general one. We shall 
here derive the theorem directly from (26) using the same method as in [4].

Values of (n,c) minimizing R must satisfy the two inequalities

zlc/?(A',c - 1) 0 < ACR(N, n,c), 0 c â n, (40)
and

AnR(N,n - l,c) 0 < AnR(N,n,c), c â n N, (41)

zl denoting the usual forward difference operator.
Noting that AcB(c,n,p) = b(c + l,n,p) and z1wB(c,n,p) = - pb(c,n,p} we find 

from (26)
z1c/?(AAc) = n){- yrb(c + t.njh) + y2b(c + 1 ^n’Pz)} (42)

and

AnR(N,n,c) = 1 - {?!()(/>!) + y2P(p2)} + (A7 -n- ^{y^bÇcpppJ - y2p2b(c,n,p2)} ■ (43)

Inserting these expressions into (40) and (41) and solving for 77 and A7, respec
tively, immediately leads to (33) and (34). From /((Avq.fq) = R(N,n2,c2) we next 
determine AT12 by solving for A7.

A sketch of R as function of 77 and c for fixed N has been given in Fig. 2 for a 
typical case.

The economic interpretation of (40) and (42) is the following: For given 77 the 
optimum value of c is determined such that a change of c, an increase by 1 say, will 
give nearly no change of the total decision loss, since the loss due to the increased 
consumer’s risk is nearly balanced by the gain due to the smaller producer’s risk.

Similarly the interpretation of (41) and (43) is that for given c the optimum 
value of 7? is determined such that a change of 77, an increase by 1 say, will give nearly 
no change of total costs, since the increase of sampling inspection costs by 1 minus 
the average decision loss for one item is nearly balanced by the decrease in decision 
losses for the remainder of the lot.
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Fig. 2. R(N,n,c) as function of n and c for N = 1000, p = pg = 0.10, pL = 0.06, p2 = 0.20, and u>2 = 0.05.

Tabulation of optimum plans may be carried out by starting from the smallest 
value of c giving a positive n (n è c) according to (33), i.e. cm = [- a/(ß —V)], [ ] 
denoting “the integer part of’’. For consecutive values of c, n- and ^-intervals are 
computed from (33) and (34) and in case of overlapping ^-intervals costs are com
pared by means of (38). A detailed example maybe found in [4]. The tables have been 
computed by this method on an electronic computer.

The sampling plans have been tabulated for two “quality levels”, viz. pr = 
= ps = 0.01 and 0.10, for one value of the weight function w2 = 0.05, for 8 values 
of p1/pr, and for 10, respectively 5, values of p2//Jr, giying a total of 120 tables. Each 
table gives (n,c) as function of N for N 200,000.

For pr = 0.01 the search for optimum plans has been limited to values of n which 
are multiples of 5.

These tables will be referred to as “master tables'’ since optimum plans for other 
values of the parameters may easily be found from the tabulated ones by means of 
conversion formulas developed in the following sections.

The exact solution has been modified in one respect. For a given value of c 
the first and last ^/-interval may be rather short as compared to the other intervals. 
As an example consider the following section of the original table for/y = ps = 0.010, 
p± = 0.006, p2 = 0.020, w2 = 0.05:
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N n c 4N
1010-4370 165 3 360
4370-4420 170 3 50

4420-4430 240 4 10
4430-4920 245 4 490
4920-5570 250 4 650
5570-5590 255 4 20

5590-5610 325 5 20
5610-6250 330 5 640

The example shown is an extreme one with small intervals occurring at the 
beginning as well as at the end of each section of the table. It is naturally without 
any interest to use the sampling plan (240,4) for 4420 < N < 4430 and then change 
to (245,4) for 4430 < ïV < 4920. To eliminate such small intervals from the final 
table it was decided to discard the first and the last sampling plan for a given c if the 
length of the corresponding TV-interval was less than 1/5 of the length of the neigh
bouring interval. In such cases the value of N according to (38) was computed for the 
new neighbouring plans, (165,3) and (245,4) say, to lind the optimum ^-intervals for 
the remaining plans. The result of this procedure is in most cases practically equal 
to incorporating the small AMntervals into the larger neighbouring intervals, for ex
ample using (245,4) for 4420 < N < 4920.

To save space every second A’-interval for a given value of c has been omitted 
because the corresponding sampling plans may be found by adding 1 (/y = 0.10) and 
5 (pr = 0.01), respectively, to n for the preceding interval.

Values of N have been rounded to 3 significant figures and tabulation has been 
stopped at TV = 200,000.

As mentioned above the tables were designed as master tables from which 
optimum plans may be derived for other values of the parameters and for this reason 
it was decided to tabulate the complete solution with respect to N to make interpola
tion superfluous.

fhe user of the tables in practice may easily derive a simplified set of tables 
from the given ones, either by using a set of fixed A'-intervals, or a set of fixed Az- 
arguments. An example has been given in the table on page 17.

The “natural” parameters of the model are (Pi,/^’1^)» which characterize the 
prior distribution, and (pr,Ps), which depend on the costs. The tables and the proper
ties of the solution will be discussed in terms of these parameters on basis of the 
results in the next section. However, one property may be stated immediately from 
the observation that the solution depends on four parameters only, viz. (Pi,P2’7i»y2)- 
The three parameters (pr,ps,w2) may therefore in respect to the solution be considered 
as functionally related, i.e. combinations of (pr,ps,u>2) giving the same (yltyz) ll>'^ lßod 
to the same sampling plan.
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Single Sampling Tables for 100pr = 100/?s = 1.0, 100p1 = 0.5, and iv2 = 0.05.

100p2 1.5 2.0 3.0 4.0 5.0 6.0 7.0

N n c n c n c n c 71 c 71 c n c
20 Accept 5 0
30 Accept 5 0 5 0
50 5 0 10 0 10 0
70 5 0 10 0 15 0

100 Accept 10 0 15 0 15 0

200 10 0 20 0 20 0 25 0
300 15 0 50 1 50 1 50 1
500 Accept 55 1 60 1 60 1 55 1
700 45 1 65 1 65 1 65 1 60 1

1000 55 1 110 2 105 2 100 2 90 2

2000 125 2 170 3 155 3 140 3 100 2
3000 Accept 195 3 180 3 160 3 145 3 135 3
5000 185 3 265 1 235 4 210 4 185 4 140 3
7000 275 4 330 5 290 5 215 4 190 4 170 4

10000 450 6 400 6 295 5 260 5 195 4 175 4

20000 Accept 640 8 475 7 355 6 310 6 240 5 215 5
30000 755 9 735 9 545 8 410 7 315 6 280 6 220 5
50000 1080 12 920 11 620 9 470 8 365 7 285 6 255 6
70000 1300 14 1095 13 690 10 475 8 410 8 325 7 260 6

100000 1520 16 1190 14 760 11 530 9 415 8 330 7 290 7

From

wc find

From

and

we lind

?2 _ (P2 - Pr)u>2
71 (Pr~Pl)wl

Pr - Pi - (P2 - pjif1+72—Ï 

l\ 71^2/

71(Ps - Pm) - (Pr - P1)W1

Ps - Pm = Ps - Pi - lv2(Pr ~ Pi)

/ u’l
Ps - Pi = (Pr ~ Ti) — + ^2

(44)

(45)

These formulas show how pr and ps depend on iv2 for given (/->i,P2’7i> T^)- To 
use them in connection with the master tables we put pr - ps and iv2 = 0.05Â which 
leads to

Mat.Fys.Skr.Dan.Vid.Selsk. 3, no. 2. 2



18 Nr. 2

where

7>,.(Â) — p10 + (/)20

/j20 Pro _ Qz 1

19OrO-Plo) 19(1-^1)’

the index 0 denoting an argument in (he master table, ;>r() = 0.01 or 0.10, = piQlprQ.
Dividing by pr0 gives

PMIPro = Qi + (t?2 (46)

which has been tabulated in the appendix.
The field of application of the master tables may therefore be considerably 

enlarged by making use of the following rule:
The optimum sampling plan for (N,pr0,p10,p20,iv2 = 0.05), pr0 = ps0, is the same 

as the plan for prnf(m2, Qi, q2),/>w,p20, m2).
Consider for example the case with yy0 = ps0 = 0.010, = 0.006, p2 = 0.040,

and w2 = 0.05 for which the optimum plans have been given in the master table. 
The same plans are also optimum for iv2 = 0.20, say, and pr = ps = 0.019, 
pt = 0.006, and p2 = 0.040 which may be seen by interpolation in the table of 
/(n?2’Pl’P2) f°r Ch = an(i th = 4-0.

4. The asymptotic solution

In this section we shall give a somewhat simpler and more direct proof of the 
asymptotic results found by Guthrie and Johns [3] and by Hald [4], and further
more carry the asymptotic expansion so far that we get a useful approximation to 
the exact solution also for small values of c.

fhe proof is based on the following lemma which is a special case of a theorem 
proved by Blackwell and Hodges [5]:

For c/n = h = p0 + e, p0 being a constant and e -> 0 for n -> oo, we have

I\p)- ' '/0/' 0(|,4)) for />„</>, (47)
I 2^A)<7o (? -/h)

where
h 1-/1

<p(h,p) = /iln—H (1 - 7?)ln —. 08)
P x - P

For pQ > p the same expression is valid for Q(p) if only p — p0 is replaced by
Po~P-



Nr. 2 19

Writing
cp(h,p) = <p(p0,p) + e(p'(p0,p) + 0(e2) (49)

where

</(Po>P) = ln~ (50)
(loP

we find from (26) and (47) the asymptotic expression

R = n + (xV - n) ——^?=_- 2 7iPi + O(|/ê)) (51)
y2nnp0q0 i = i IPo - Al

on the assumption that px < p0 < p2. (As will be shown later e = 0(1 In), and we may 
therefore disregard ne2). We shall first determine the value of h = p0 + e which 
minimize R for given n and next determine the value of n giving the absolute minimum 
by treating R as a differentiable function of n.

The essential feature of (51) is that the two binomial risks, Q(/h) and P(Pz)> 
have been expressed as functions tending exponentially to zero for n -> oo.

As explained in [4] the optimum plan must have the properly that R/N -+ 0 
for Ar -> oo, n -> oo, and n/N -> 0. It follows that p^ must satisfy the inequality 
Pi < Po < P2 because otherwise R/N would not tend to zero bid to yi or y2.

We shall state the theorem to be proved for the double binomial distribution 
only, but it is valid for a more general class of distributions, viz. for a distribution 
having probability density w(p) = 0 for pr < p < p2, ivÇpy) = inr > 0, u>(p2) = 
in2 > 0, iv± + iv2 g 1 , and

v* 1
Jd\V(p) + JdW(p) = 1 - uy - iv2

0 p*

for 0 g p* < p± and p2 < p2 g 1 , which means that the probability distribution may 
be arbitrary outside the interval p* < p < p2. The result of such a generalization 
will only be to add a term to (51) of form

N~n f(Pr-P)Pe-^>dW(p)i

Ps - Pm |/ ^nPo(lo Ï Po - P

(1 denoting the intervals (0 g p g pf) and (p2 g pg 1)) which obviously is ()(e~n) 
times the last term of (51) since ç?(7i,p) > (ptPppj) for p < pt and <p(h,p) > <p(h,p2) 
for p > p2.

Because of the factor pr-p in the cost function we might also have assumed 
that iu(pr) > 0 without altering the result.

It is reasonable to assume that the two exponential terms in (51) tend to zero 
with the same speed, i. e. that p0 is determined from

2*
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7<Po>Pi) = 95(Po>P2)
which gives

p" (ln j -1

\ <12 Pl/ ß
(52)

and

1 Po 1 • 1 *)7o = Poln + 7oln > 1 = 1 ()r
Pi <li

(53)

Under this assumption we shall determine e by minimization of (51). The part 
of /? depending on e is

/(e) = 2 yiPi é~ne(f>'{p0''pi\
i i Po ” PJ

Urom /'(e) - 0 we find
i e-* -- 0 (54)

where—according lo (50)—

Solving for a

where

ne we find

"do =
/iPi(P2 - Po>'i

I n----------------- ,
y2P2(Po ~P1)( - <f2)

' ' . P27i
71 - <P2 = 1,1

72 Pi

(55)

(56)

(57)

We thus have the result that c = np0 + a + o(\) in 
be expected from (33).

Inserting these results into (51) we lind

accordance with what could

with

P = n + (A' - n)— e-”99»
P1

P^Po9o*=1IPo-A

(58)

(59)

To prove (indirectly) that h = p0 + e minimizes R let us assume that h = p0 + E, 
given by (52) and (56), does not minimize R but that min R is obtained for h = hQ + e0, 
h0 4= pa and e0 -> 0. Denoting the part of R depending on h by (/(h) we lind for suf
ficiently large n and for /i0 < p0, say, that
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</(*o) = ^>-«^’**>(1 + O(e-«))

since <p(h0,p2) > (p(h0,Pi) for h0 < p0. However, </(/?0) cannot be min g(h) since 
^(^O’A) < VtPo’Pi)’ i-e- we have reached a contradiction by assuming hQ 4= p0.

From dR/dn = 0 we lind

ln(A’ - n) = (pon + - In n - ln(Âç0) + o(l).

or

(61)

From (58) and (60) we also have that

1 
min/? = n + + o(l)

(n, c) (Pn

where n may be determined by inversion of (61), i.e.

1 / 1 , 3 \ 
n = - lmV—In lnTV + InA + -lnq?0 + o(l). 

?o \ 2 2 /

(62)

We have thus found that asymptotically c is a linear function of n, and n is pro

portional to lmV -- lnlmV plus a constant. Furthermore it follows from (62) that

the average decision loss per lol tends to a constant l/ç?0 so that for large lots decision 
losses divided by sampling inspection costs tend to zero.

To investigate the two risks asymptotically we find from (54)

so that (59) gives

yiPl^l^a^ = YzPzC- y2) -a^
Po - Pl P2 - Po

= __ 2° _ yiPl^O e- 

|/2%Po(/o (Po-PiX-Vz)

which together with (60) may be used to reduce

to

Q(Pi)
1 f/o/h

|/2%po7oPo f Pi

Q(Pi) -
- 9'2 1

Wi^o N~ n
(63)
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Similarly we have

so that

P(?2) =
1

A' - 11

P(Pz)IQ(Pi) = yi%’l/y2(-

(64)

(65)

We have thus proved the following theorem :
Asymptotically the optimum sampling plan is given by

and

which lead to

c = np0 + a + o(l)

n
1/1
- In A’ lnlnA’ + InZM 2

min/?

a; id

(66)

(67)

(68)

It will be noted that p0 and yQ depend on (/q,/^) only, i.e. they are independent 
of the cost parameters and w2.

The asymptotic solution supplements the exact one in several respects. Since the 
optimum plan is a function of 5 parameters (A’,/)1,p2,y1,y2) a complete tabulation is 
rather hopeless even if a program has been worked out for an electronic computer. 
Furthermore the properties of the exact solution are not easily to be found from the 
procedure by which the solution is obtained. The advantages of the asymptotic solu
tion arc that

(1) it clearly shows how the optimum plan and various derived quantities 
depend on the parameters,

(2) it may be used as starting point for developing approximations which are 
valid also for small N,

(3) it may be used for developing interpolation and extrapolation formulas in 
connection with “master tables’’ of the exact solution, and

(4) it shows the sensitivity of the solution with respect to changes of the para
meters.

These aspects of the solution will be discussed in the following sections.



Nr. 2 23

5. Comparison of exact and approximate solution

Looking at the relation between n and c in the tables it will be seen that the 
optimum values of n lor a given value of c tend to cluster around

”c - a + ß[c + 1 j (69)

as might be expected from (33). Comparing with the asymptotic result c = np0 + a, 
p0 = 1 Iß and a being defined by (56), agreement between the two expressions would 
require that

-a)(~ = 1
\ /h(?2//\ (hPl) 2’

It can be proved that the ratio on the left hand side above is positive and less 
that 1. Numerical investigations show that in typical cases in practice the ratio does 
not deviate much from 1/2. As examples consider the following results:

loop! 100p2 P2/P1 Ratio
0.2 4.0 20 0.528
0.2 2.0 10 0.517
0.6 4.0 6.7 0.512
0.6 2.0 3.3 0.505

The ratio depends primarily on p2/Pi and practically the same results will be 
found for values of (pl,p2) which are 10 times as large or 1/10 of the values considered. 
We shall therefore in the following use the simpler expression (69) instead of 
c = npQ + a as the starting point for finding n from c or reversely.

The asymptotic formulas may be used in two ways:
(1) Starting from c we may determine the corresponding A'-interval and within 

that the relation between n and AL
(2) Starting from N we may determine the corresponding n and from n de

termine c.
The first method is useful for making a systematic tabulation of sampling plans 

whereas the second is suitable for computing “isolated” plans for a given N.
Starting from an integer value of c we first find nc from (69) and the correspond

ing Nc from (61). Similarly we find Nc_0 5 and Nc + 0 5, being the lower and upper limit 
for N having c as optimum acceptance number.

In the asymptotic solution we have disregarded the discreteness of c and n. 
W e may, however, afterwards try to take the effect of the discreteness of c into ac
count by investigating the relationship between n and N for given (integer) value of c. 
From dR(N,n,c)/dn = 0 it can be found that n is approximately a linear function of 
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logA’ with slope - 1/log q2*. Within the interval (A’c_0 5, A’c + () 5) we may therefore 
determine n from the approximate formula

71 = ^-(lOgA’-logAQ/lOgÇg, Ac-0.5 < A’ < ïVc + 0.5’ (7°)

which for small p2 and small intervals may be replaced by

n = ne + (N- Nc)/Ncp2, Nc_05 < N < Nc + 05• (71)

It follows that the values of n belong to the interval

and

For applications in practice we give the formula corresponding to (61) with log-
arithms to base 10, i.. e.

where

l°g(ATc - ^c) = <Pnc + 2 + 0 (72)

. /9o . 7o • . .)
<r = 7>olog— + 7oJ,,g > i = 1 or 2,

Pi <li
(73)

b = -log(Âç?o), (74)

— a having been replaced by ~ö + n in Åcjp0.

In the following we shall make much use of (72) with Nc-nc replaced by Nc 
which only means that we disregard terms of order nc/Nc and less.

The approximation obtained by using (69), (70), and (72) is usually very good 
even for quite small values of c. Normally the approximate value of c will deviate at 
most 1 from the correct value. The approximation depends essentially on p2/Pi, being 
good for large values of p2//q and poorer for small values. Two examples for p2/pi = 6.7 
and 3.3, respectively, will show the results obtained for a typical good and poor case. 
Table 1 and Fig. 3 show that the approximate and the exact solution are practically 
identical in the first case whereas the approximate solution in the second case often 
will lead to a value of c being 1 loo large and a corresponding value of n.

* This results is due to Mrs. K. West Andersen.
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Pr = Ps = 0.010, p1 = 0.006, p2 = 0.040, iv2 = 0.05.

Table 1.
Comparisons of exact and approximate sampling plans computed from 

(69), (70), and (72).

a = -26.7, ß = 55.509, = 0.0034156, d = 1.5499, -l/log?2 = 56.405.

c "c
Approximation

II

Exact
An *c ± 0.5

1 51 43- 66 269- 714 45- 65 280- 714
2 112 104-120 715- 1400 105-120 715- 1420
4 223 216-230 2490- 4300 220-230 2550- 4390
6 334 328-340 7190- 12000 330-340 7390- 12300
8 445 439-451 19700- 32300 440-450 20200- 33000

10 556 550-562 52400- 85300 550-560 53600- 87000
12 667 661-673 137000-200000 665—670 140000-200000

pr = ps = 0.010, px = 0.006, p2 = 0.020, w2 = 0.05.
a = - 143.0, ß = 85.879, q> = 0.0009088, ô = 2.0785, - l/log?2 = 113.97.

c »c
Approximation
n Nc ± 0.5 11

Exact
AT

2 72 44- 88 715- 1750 —
4 243 234- 251 2790- 3970 245- 250 4420- 5590
6 415 408- 422 5410- 7150 415- 420 7100- 8980
8 587 581- 593 9270- 11900 585- 595 11300- 14200

10 759 753- 765 15100- 19000 755- 765 17700- 22000
12 931 925- 936 23800- 29600 930- 935 27300- 33700
14 1102 1097-1107 36800- 45700 1100-1105 41500- 51100
16 1274 1269-1279 56500- 69700 1270-1280 62800- 77200
18 1446 1441-1451 86000-106000 1445-1450 94600-116000
20 1618 1613-1623 130000-159000 1615-1620 142000-173000

It is essential for the efficiency of the approximation to use the right relation 
between n and c, see the discussion in section 12, and it is therefore fortunate that 
this relation is a simple linear one.

The approximation formula breaks down for values of N for which the cheapest 
solution is acceptance without inspection (or rejection without inspection). As will 
be seen from Table 1 the approximation formula may in such cases lead to a sampling 
plan even if no optimum plan exists. The difference in costs by using such a plan 
instead of accepting without sampling inspection will, however, normally be small.

Turning to the inverse formula (67) numerical investigations show that the re
sults are not as accurate as those found from (61). Taking one more term in the in
version of (61) and changing to logarithms with base 10 we lind
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(76)'Lv

where

d = log zç0 - - log 99 = ô

flog 2V - log log N /^1 ~

The exact inversion leads to the correction term (loge)/(21ogA) = 0.22/logiV 
which, however, on the basis of numerical investigations has been replaced by 
l/(31ogxV). H (76) is to be used extensively it pays to tabidate

and use (76) in the form

,/(.V) - log.V-^1 --y loglog.V

CN ~ Po(nN a) 9

(78)

(79)

From n we may then lind
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Pr = Ps = 0.010, iv2 = 0.05.

Table 2.
Comparisons of exact and approximate sampling plans computed from (76).

N
Pi =

Approx
0.006, p2 = 0.040. Pi

Apprc
n2V

= 0.006,
X.

cv

p2 = 0.020.
Exact.

n cCV
Exact

n c

300 Accept 50 1
500 20 0 60 1
700 55 1 65 1

1000 90 2 115 2
2000 165 3 170 3
3000 210 4 220 4 Accept Accept
5000 265 5 275 5 180 3 250 4
7000 300 5 285 5 320 5 335 5

10000 345 6 335 6 465 7 505 7
20000 420 8 395 7 755 10 760 10
30000 470 8 450 8 930 12 930 12
50000 525 9 505 9 1145 14 1105 14
70000 565 10 560 10 1290 16 1275 16

100000 610 11 610 11 1445 18 1445 18
200000 690 12 670 12 1750 22 1705 21

and round to the nearest integer. To obtain more accurate results nc may be computed 
from the rounded value of cN and n could then be found from (70) or (71).

Table 2 shows that (76) leads to good results for the two previously discussed 
typical examples.

As a general conclusion of the many numerical comparisons which have been 
carried out we may state that the asymptotic formulas give sufficiently good approx
imations to the optimum sampling plans for most practical purposes. If one wants 
to be sure to find the optimum plan one may start from the approximation and com
pare the costs of this plan with the costs of suitably chosen neighbouring plans thus 
finding the optimum one by trial and error.

'Fhe formulas (72) and (77) have, however, the serious drawback from the 
point of view of application that the constants ô and d are rather hard to compute. 
The asymptotic formulas have therefore in the following only been used to derive 
relationships between sampling plans under variation of the parameters. It is to be 
expected that these relationships will prove to be rather accurate in view of the good 
approximation demonstrated above.

According to (62) we have for the optimum plans that the average decision 
loss asymptotically is constant, i.e. R-n ~ l/y0. For small N this gives an upper 
limit to the decision loss but the formula is not of much value as an approximation.

Fig. 4 sketches for the two previously considered examples R-n as function of 
N. The discontinuities correspond to changes in c; each time c is increased by one n
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R-n

increases approximately by ß and R-n decreases with the same quantity. The asymp
totic result corresponds to the mid-points ol‘ the intervals. It will be seen that the 
asymptote is nearly being reached for ;V = 100,000 in the case with p2lp± = 6.7 but 
not for p2/pi = 3.3.

For small N a useful upper limit to the average decision loss may be obtained 
by noticing that R < A/2 if an optimum plan exists and the alternative is acceptance 
without inspection.

According to (63) and (64) the probabilities of wrong decisions, ()(/q) and P(p2), 
are asymptotically inversely proportional to iV. Fig. 5 sketches for the two examples 
Q(Pi) and P(p2) as functions of AT. The asymptotic formula gives a reasonable ap
proximation to P(p2) *n both cases, whereas the approximation to ()(/q) is rather 
poor, particularly for the case p2)Pi = 3.3. The discontinuities resulting from changes 
of c are very pronounced for Q(l°i)-

6. Proportional change of Çpr,ps,px,p.2) for fixed zv2

We shall first study the asymptotic formulas for all “quality levels” lending to 
zero with the same speed. Introducing the auxiliary quantities

Ps Pl Pi Pm P2
Q.s = > Qi = > (?2 = > Qm = — > e -

Pr Pr Pr Pr Pl
(30)
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we find for pr -> 0 and fixed

«Pr ->

(P2 Pl) — /?0’

l//^0 — Po ’

->

and

wiPi(Pi - O ßo<P
(Qs Qm)(0i Qo)

(75).

ßPr

11’2(02 - 1 ) ' 

^1(1 -Qj) I

Po/Pr

' (Qi - Po) = V<PolPr

1
as in

2

. Popoin
Pi

= exp{-<y,

(ps> Pi- P2’ ^2)

a 
where in the last expression — a has been replaced by —F

ß
Inserting these results into (69) and (72) we find
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and
1

ln(A'cpr) -> 99:’:n0(c)+ -ln;70(c) + (50 = ln;V0(c).

Il follows that for small pr we have approximately

nc ~ no(c)IPr
and

~ Ao(0/?r

where 7i0(c) and A'0(c) are independent of pr, i.e. n and N vary inversely proportional 
to pr for given c.

Suppose that the optimum sampling plans have been tabulated for a small 
value of pr, pr = 0.01 say, and certain values of (ps, qx, q2, iv2). The above result 
may then be used to find the optimum plans for /.pr, say, from the plans in the given 
table. Denoting the quantities required by 7?c(2pr) and ATc(2/zr) we bave for given c

nc(^pr) ~ nc(pr)l^ (81)
and

A’c(2pr) ~ Nc(Pr)l*> (82)

i.e. we have found the following important “proportionality lain”:
The optimum sampling plan corresponding lo (AT, Xpr, Åps, Xpx, Åp2, w2) is ap

proximately equal to (n*/Å, c*) inhere (7ii:,c:i:) is the plan corresponding to (AT:1:, pr, 
/q, p2, w2) with Ä* = AT2.

The theorem has been illustrated in Fig. 0 which shows that the approximation 
holds good also for quite large values of pr.

This theorem greatly enlarges the field of application of the two master tables. 
The table with pr = 0.01 may be used for 2 < 5 and the table with pr = 0.10 for 
0.5 < 2 < 2, in that wav covering all cases with pr < 0.20 which is the domain of 
practical interest.

A large number of numerical investigations has shown that the proportionality 
law gives rather accurate results. The value of c found will seldom deviate more than 
1 from the correct value. For 2 > 1 the formula will normally tend Io give too large 
a value of c and for 2 < 1 too small a value.

The example in Table 3 shows the derivation of sampling plans with a break
even quality of/q = (1.03, partly from the first master table using 2 = 3 and partly 
from the second using 2 = 0.3. Both results are remarkably close to the exact solution, 
see also Fig. 6.
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Table 3.
Comparisons of exacl sampling plans for pr = ps = 0.030, p} = 0.018, p2 = 0.060, 
zp2 = 0.05, and approximate plans derived from the master tables by the propor

tionality law.

A' Exact
Derived from 

pr = 0.01 (Â = 3)
Derived from

pr = 0.10 (A = 0.3)
n c A’* = 3A n*/3 c* Ar* = 0.3AT n*/0.3 c*

1000 Accept 3000 Accept 300 Accept
2000 110 5 6000 110 5 600 115 5
3000 140 6 9000 165 7 900 145 6
5000 225 9 15000 225 9 1500 200 8
7000 255 10 21000 255 10 2100 255 10

10000 310 12 30000 310 12 3000 285 11
20000 395 15 60000 395 15 6000 365 14
30000 455 17 90000 455 17 9000 425 16
50000 510 19 150000 540 20 15000 480 18
70000 570 21 210000 570 21 21000 535 20

100000 625 23 - - - 30000 565 21
200000 710 26 - - - 60000 675 25
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Consider now the inverse formula (79). From

we find
1__ \ log A

3 log Ay ^(/v)
(33)

where (p(pr) denotes the value of (p for the given (basic) set of parameters. This 
formula shows how the sample size for a given lot size changes with the “quality 
level’’. This result is, however, not as accurate as the previous one for small A' and 
it is neither as convenient for use in connection with the tables.

An example has been given in the following table for AT = 50,000, pr = ps -
0.010, yq = 0.006, y>2 = 0.040, and = 0.05.

Comparisons of exact and approximate sampling plans derived from (83).
Exact Approximation

Â n c il c
0.1 1850 3 2330 4
0.3 1300 7 1210 7
1.0 505 9 - -
3.0 205 11 210 11

10.0 63 12 78 15

7. Change of ps for fixed (pr,pp/>2, w2)

The master tables contain sampling plans for ps = pr only, because a simple 
and rather accurate rule exists for deriving plans for ps pr from the tabulated ones.

From (69) and (72) it will be seen that ps influences Nc only through ô. Writing

Ps Pm Ps - Pr + ll,l(Pr - Pl) = ll,l(Pr ~ Pl) 1 + Ps Pr 
lvl(Pr - Pl)

it follows from (72) that

or

say, where

logArc(/Ws) = logA^c(pr,pr) + log 1
Ps - Pr ' 

lVi(Pr - Pj/)/

^c(Pr>Ps)=Nc(PmPr)lÅs>

Ps - Pr \ 

ll,l(Pr - Pl)/

(84)

(85)
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Comparisons of exact sampling plans for pr = 0.010, ps = 0.020, px = 0.006, 
p2 = 0.040, w2 = 0.05 with approximate plans derived from the master table.

Table 4.

N
Exact

N* = 0.275N
Approximation

n* c*n c

300 Accept 83 5 0
500 5 0 138 10 0
700 10 0 193 15 0

1000 15 0 275 15 0
2000 60 1 550 60 1
3000 110 2 825 110 2
5000 120 2 1380 120 2
7000 170 3 1930 170 3

10000 220 4 2750 220 4
20000 280 5 5500 280 5
30000 330 6 8250 330 6
50000 390 7 13800 390 7
70000 395 7 19300 395 7

100000 •150 8 27500 445 8
200000 505 9 55000 550 10

We have thus proved the following theorem :
The optimum sampling plan corresponding to (N,pr,ps,px,p2,w^) is approximately 

equal to the plan (n*,c*) corresponding to (^N*,pr,pr,pl,p2iw^) with N* = NÅS.
This theorem makes it possible to use the master tables also for ps + pr if only 

2V is replaced by 2V*. The error in c by using this procedure will seldom be more than 
± 1 . An example has been given in Table 4 with

/ 2-1 V1
L = 1 +------------------- = 0.275.

5 \ 0.95(1 - 0.6)/

The corresponding “inverse” formula becomes

»nCPt’Ps) = ^N(Pr>Pr) + (86>

Using this result for N = 50,000 and the parameters given in Table 4 we find

n = 505 - 293 x0.9291 x 0.5607 = 350

as compared to the exact solution 390.
In the following sections we shall limit ourselves to consider cases with ps = pr 

since we may always begin the analysis by replacing A by TV* if ps 4= pr. The “con
version factor” Xs depends on w2 and the ratios (@5, gx), i.e. Às is independent of p2 
and the general quality level.

Mat.Fys.Skr.Pan.Vid.Selsk. 3, no. 2. 3
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8. Proportional change of (pr,pvpf) and change of w2

Consider the problem of tinding the optimum plans for an arbitrary set of para
meter values (pr,Pi,p2»wz) by combining the proportionality law with the relation 
between and w2 for given y2 and using the tabulated plans in the master table for 
parameter values (/Who-fho-“ho)- saY-

The problem is to determine 2 so that (pr,Pi,Pz) = (2/)^, 2p10,2p20) and (/Vo’ 
7ho’/72o> w2) give the same value of y2 as (/ho’/ho’/ho’ zz?2o) • For this value of 2 we may 
lind (he plans for (pr,Pi,p2,w2) from the plans for (p^, Pi0, P2o> wï) by means of the 
proportionality law, and the plans for (p'ro> Pi0’P20’ll)2) are identical to the plans for 
(/4o>/ho>/92o> zz,2o) • (b "ill be noted that pf^ipro is identical to the function defined 
bv (46)).

Since the value of y2 is the same for (pr,Pi,P2, lvz) and (/ho’/ho’/ho» "° have
the equation y20 = 72 f°r the determination of 2, i.e.

zzho(?2O - Pro) = W2^P2 ~ Pr) 
ll’lo(PrO ~ Pio) ll’l(Pr-Pl)'

Introducing p2Q = p2)Å and p10 = /q/2 we find

(87)

For the master table with pr0 = 0.01 and zz>20 = 0.05 the result is

2 = 100(/>2+ IS/z/iJ/O + 19/2). (88)

For the other master table (pr0 = 0.10) the factor 100 should be replaced by 10. 
The results of sections 6-8 may be combined to the following theorem:
The optimum sampling plan corresponding to (N,pr,ps,p1,p2,w2) is approximately 

equal to (n*/Å,c*) where (n:!:, c*) may be found in the master table for N* = A'2S2, 
/ho = Pil^> an(i P20 = /h/-^’ conversion factors being equal to

a, p^p' r
\ '"i<7v - Pi)/

and
w9( p9 — p„)

2 = 100(p2 + lO/apJ^l + 19y2), y2 = —-----------,
ll’l(Pr~ Pl)

for the 0.01 -table, 100 being replaced by 10 for the 0.10-table.
By means of this theorem it is rather easy to find the optimum plan corresponding 

to an arbitrary set of parameter values if only pj/2 and p2)Å fall within the range of 
arguments in the master tables. If that is not the case the method given in the next 
section may be used.
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Usually j)1/Å and p2/Å will not be equal to the arguments used in tlie master tables. 
One might then interpolate but this is hardly worth while since the arguments in the 
table have been chosen in such a way that by rounding to the nearest argument the 
rounding error will ordinarily be less than 10 %.

If one wants to be sure to obtain a sufficiently large sample the value of yq/2 
should be rounded up and the value of p2/Å rounded down.

As an example consider the problem of finding the sampling plans for (/q,/q,P2’ 
zp2) = (0.03, 0.01, 0.07, 0.08) and ps = pr. Since pr < 0.05, say, we choose to use 
the 0.01-table. From

8 7-3
y =----------- = 0.174, 19y2 = 3.31,

92 3 -1

we lind A = (7 + 3.31 )/(l + 3.31) = 2.39, yq/Â = 0.01/2.39 = 0.0042, and yq/A 
= 0.07/2.39 = 0.029. The master table should thus be entered with yq0 = 0.004 and 

y>20 = 0.030. For N = 2000, say, we find A7* = 4780 and (n*,c*) = (210, 3) leading 
Io (n,c) = (210/2.39, 3) = (90,3) which is the correct solution.

If w2 = 0.02 instead of 0.08 we find similarly Â = 4.38, p-JX = 0.0023 = 0.0025 
and yq/z = 0.0160 = 0.0150. For N = 2000 we get A7* = 8760 leading to acceptance 
without inspection as the most economical decision.

9. Change of uq for fixed (pr,ps,pvp<f)

In the following we shall develop a method for evaluating the effect of changing 
one of the five parameters only, and use it first for w2 and then for pr.

From (69) and (72) we find for given c

dnr doc
----- c = ----------- = 1 
d log w2 d log w2

and
d log AL dnc 1 dlognc dô 
---------- = cp----------+------------- + . (90) 
d log w2 d log w2 2 d log w2 d log w2

The last term on the right hand side is a rather complicated function of the 
parameters. Tabulation of d and graphical analysis of ô as a function of loguq has 
shown, however, that a least for w2 0.20 and pr â 0.10 (and corresponding values 
of ps,pi,p2) ô ls approximately a linear /'unction of logzzq with a slope depending 
slightly on (qs, <q, £»2) and being practically independent of pr.

Limiting ourselves to the case ps = pr we thus have

dô
d log W2

say, where ^(jq.jq) has been tabulated in the appendix.
3*
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Writing ô = b(pr,Q1,Q2,iv2) and pulling w2 = 0.02 and 0.20 respectively, so that 
ZHogu>2 = log0.20 - log0.02 = 1, an approximation lo dô/dlogiv2 may be found as 

0.20) — 0.02). This approximation has been computed for both
pr = 0.01 and 0.10, and finally the average of the two has been taken as -bt.

For small pr we also have

/ 711
The values given for b2 have been computed as averages of çp/I log — for pr = 0.01 

and pr = 0.10. \ (]2'

For large n we have that (loge)/2n is small as compared to (p and we shall there
fore disregard the second term on the right hand side of (90). We then have approx
imately

which gives

d log Nc 
d log w2

where A denotes a constant of integration. Changing from iv2 to Åtv2 we get

w here
Nc(åiu2} = A^c(zt2)//i(â) 

/1(A) A6'-',71 (A 1)"A

From (69) we further have

(91)

(92)

«c(^2) = ncO2) + 71G) (93)

For convenience and have been written as functions of A only, even if they 
both depend also on other parameters. The function which will be called the con
version factor for N due to a change in iv2 has been tabulated in the appendix for u>2 
= 0.05 as a function of (z,£pq2). The function gr which gives the correction to n due 
to a change in iu2 has similarly been tabulated in the appendix as function of (^,@1,^2) 
for w2 = 0.05 and pr = 0.01 . Values of this function for other values of pr may be 
obtained as t(/1/100pr where gx represents the tabulated values.



Nr. 2 37

The above results may be formulated as the following theorem:
The optimum sampling plan corresponding to (<N,pr,ps,p1,p2,^iv2>), pr = ps, is 

approximately equal to (n* + <7i(Â), c*) where is the plan corresponding to
(N:i:,pr,ps,p1,p2,w2) with N* =

The theorem has been illustrated in Fig. 7.
This theorem enlarges the field of application of the two master tables with 

respect to values of w2 in a similar manner as the law of proportionality does with 
respect to the other parameters. The results of using the approximation have been 
compared with the exact solutions in a large number of cases and the deviations found 
between the approximate and the correct value of c have never exceeded 1 for 2 < 4. 
There is a tendency for the approximation to give too small a value of c for 2 > 1 
and too large a value for 2 < 1, in particular for small N.

It should be noted that the formula breaks down in some cases for small N. 
Let Na denote the largest AT for which acceptance without inspection is cheaper than 
sampling inspection for the master table used. If 2 > 1 and = N* < Na then
the formula does not lead to a sampling plan even if there may exist a plan which 
for 2m2 is cheaper than acceptance without inspection. Similarly, for 2 < 1 and 

= AT* > Na there may be some cases where the approximation formula leads 
to a sampling plan even if the cheapest solution is acceptance without inspection.

An example has been shown in Table 5. The approximation is remarkably good. 
Since Na = 74 the approximation formula leads to acceptance without inspection 
for all N 57. Sampling plans cheaper than acceptance without inspection do, 
however, exist for 12 N 57.
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Comparisons of exact sampling plans for pr = ps = 0.010, p1 = 0.006, p2 = 0.040, 
w2 = 0.10, and approximate plans derived from the master table, /j = 1.29, c/L = 20.

Table 5.

N Exact
il c A* = 1.29N

Approximate
n* + 20 c*

50 15 0 65 Accept
70 20 0 90 25 0

100 25 0 129 30 0
200 35 0 258 35 0
300 75 1 387 75 1
500 85 1 645 85 1
700 130 2 903 130 2

1000 140 2 1290 140 2
2000 240 4 2580 240 4
3000 250 4 3870 250 4
5000 305 5 6450 300 5
7000 355 6 9030 355 6

10000 405 7 12900 405 7
20000 465 8 25800 465 8
30000 520 9 38700 520 9
50000 575 10 64500 575 10
70000 630 11 90300 630 11

100000 635 11 129000 635 11
200000 740 13 - - -

Using the method of section 8 we find y2 = 0.833, Â = 0.804, pjÅ = 0.0075, and 
/>2/Â = 0.050. Since yq/Â falls outside the range of arguments in the master table the 
method does not apply. Using p1/Å = 0.007 gives, however, a rather good approxima
tion.

From the inverse formula (79) we get

M^i^A 1 \ 
ôlogw2 (f) y 3 log A'/ 

and consequently
n^(w2) = A + — ( 1 - 1 — jlogzz?2

(f \ 3 log A /
or

+ “ ( 1 ~ o i 1 U / loSA- (95>
<P \ 3 log A /

This shows that the difference between z? v(Âzzz2) and n2V(u?2) for given Ar is pro
portional to log 2. This formula is, however, not as accurate as (93) for small Ar.
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An example lias been given in the following table for N = 20,000, pr = ps 
= 0.010, = 0.006, p2 = 0.020, and w2 = 0.05, which gives = 0.59 and
1/<p = 1100.

Comparisons of exact and approximate sampling plans derived from (95).
Exact Approx.

100zp2 Â n c n c
2.5 0.5 540 8 580 9
5.0 1.0 760 10 - -

10.0 2.0 980 12 940 11
20.0 4.0 1130 13 1120 13

10. Change of pr = ps for fixed (/>p/>2,w2)

From (69) and (72)

dnc
dlogpr

and
dlogiVc dnc Id log nc dô— (p _]_ — 4- ,
d log pr d logpr 2 d log pr d log pr

(97)

Numerical investigations show that—for m2 < 0.20, pr < 0.20, and pr = ps - 
ô is approximately a linear /'unction of logpr with a slope depending on g and being 
practically independent of “the level of (pi,p2)” (in(l °f lv2 U ()nHj Pr (b>es n°t come t°° 
close to px or p2, i.e.

dô ,,
TT------~ Me) for PiC < pr < p2Q 1 ,
dlogpr

say, where b3(p) has been tabulated. (Another limitation of no practical importance 
is that p2 must not be too close to 1). An approximation to dô/dlogpr may be computed 
as the corresponding difference-quotient setting pr = PiQ115 and pr = p2Q~115 respec
tively. This has been done for w2 = 0.05 and for the “standard” values of px and p2, 
partly at the 1 °/0 and partly at the 10 °/0 level. The value of b3 given in the table is 
the average of the two values

Proceeding as in section

dlogA^
d log pr

found.
9 we have approximately

- ^2<^)Pr (----- - -----  + -------------) + M?)

\Pr - Pl P2 - Pr

which on integration gives
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f/2 = -55.

Table 6.
Comparisons of exact sampling plans for = ps = 0.020, p1 = 0.006, p2 = 0.040, 
iu2 = 0.05 with approximate plans derived from the master table. 2 = 2, /2 = 0.52,

N
Exact Approximate

n c A’* = 0.52N 77* — 55 c*

2000 Accept 1040 60 2
3000 75 2 1560 110 3
5000 130 3 2600 165 4
7000 180 4 3640 170 4

10000 230 5 5200 225 5
20000 290 6 10400 280 6
30000 345 7 15600 335 7
50000 400 8 26000 390 8
70000 450 9 36400 445 9

100000 460 9 52000 450 9
200000 565 11 104000 555 11

and

where

\ (1 - (?1)((?2 -*) /'

From (69) we further have

(98)

(99)

where
nc(*Pr) = 77C(A-) + £2G)

<72(A) - fin J1 - Pi)(g2 ~ Â)\L 
(<?2-W-eD/p2 - 01)Pr‘

(100)

(101)

The conversion factor for N due to a change in pr,fz(%)> bas been tabulated in 
the appendix as function of (Â, g1,^2)’ an<l ^u> correction to n due to a change in 
pr,gz(y), has been tabulated as function of (^, e1,g2) for pr = 0.01. Values of <72(Â) 
for other valnes of pr may be found from the tabulated ones by dividing by 100pr.

The above results may be formulated as the following theorem :
The optimum sampling plan corresponding to ÇN,Xpr,Àps,pl,p2,w2), pr = /js, 

is approximately equal to (n* + </2(Â), c*) where (n*, <?*) is the plan corresponding to 
^:i:,Pr>Ps>Pl>P2>w2) lvith N* = A72G)-

With the given set of tables this theorem is, however, not as important in practice 
as the previous ones, because the tables contain the optimum plans for so many
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combinations of (pr,Pi,Pz) that an adjustment of the relative position of pr within 
the interval (p1,p2) will seldom be felt necessary from a practical point of view.

In table 6 an example has been shown of the elfect of changing pr = ps from 
0.010 to 0.020 within the interval (pL,Pz) = (0.006, 0.040).

From the inverse formula (79) we get

dnN = ^(e) A 1 \
dlogpr 9? \ 31ogA^/

which leads to
- nN(pr) - Ml - 31(’g JlogA. (102)

An example of the application of this formula has been given in the following 
table for N = 50,000, pr = ps = 0.010, 2 = 0.5 and 2.5, pt = 0.002, p2 = 0.040, 
and iv2 = 0.05, which give b3 = 1.09 and 1/tp = 177.

Comparisons of exact and approximate sampling plans derived from (102).
Exact Approximate

Pr 2 n c n c
0.005 0.5 350 4 370 4
0.010 1.0 315 4 - -
0.025 2.5 250 4 245 4

11. Change of all parameters

The results of the preceding sections may be combined into a “chain formula” 
of the type

Arc(Âpr,^sÂpr,2pi,Âp2,Âiu;2) = Nc(pr,pr,PvP2>w2)l^sfiÅ (103)
and

nc(Âpr,esÂpr,Âpi,Ap2Aw2) = MPr’Pr’Pl’Pz’Wz) + 91>IÅ (104)
where

Qs~
(1 - ^2)(1 - gj

/i(M) and f7iGi) being defined by (92) and (94) for = pjpr and q2 = p2!pr-
In the master tables pr = ps = 0.01 (or 0.10) and u?2 = 0.05 have been used as 

reference values. What has been denoted by À and in the above formulas become 
100pr (or 10pr) and 20 w2 if pr and w2 denote the values for which the optimum plan 
is required.
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Comparisons of exact sampling plans for pr = 0.030, ps = 0.060, pi = 0.018, 
p2 = 0.120, w2 = 0.10 and approximate plans derived from the master table for 

pr = ps = 0.010, pr = 0.006, p2 = 0.040, w2 = 0.05.

Table 7.

A Exact
A* = 1.02A

Approximate
(n* + 20)/3 c*II c

50 Accept 51 Accept
70 5 0 71 Accept

100 5 0 102 10 0
200 10 0 204 10 0
300 10 0 306 25 1
500 25 1 510 25 1
700 30 1 714 30 1

1000 45 2 1020 45 2
2000 65 3 2040 65 3
3000 80 4 3060 80 4
5000 too 5 5100 100 5
7000 100 5 7140 100 5

10000 120 6 10200 120 6
20000 135 7 20400 155 8
30000 155 8 30600 155 8
50000 175 9 51000 175 9
70000 190 10 71400 195 10

100000 210 11 102000 210 11
200000 225 12 204000 230 12

We thus get the following rule for using the master table with pr = 0.01 :
The optimum plan for (A,T,pr,ps,p1,p2, zr2) with Pr < 0.05 is approximately equal 

to ((n* + (/1)/10()pr, c:i:) inhere (n'i:,c:i) may be found by entering the master table with

A’* = 1 ()()/>,.)/1(2()m2,e2)/[ 1 +J, (105)
I \ “’l(Pr ~ Pl)/

t*i = PilPr> Qz = PzlPr> an(i 91 = ,91(^0 iv2, qy, Q?/), the arguments for (p!,p2) zn 
master table being (^/lOO.^g/lOO).

For 0.05 < pr < 0.20 the master table with pr = 0.10 should be used accord
ingly.

If (t>1/l 00, q2/\00) are not to be found in the table then use the “nearest” ar
gument or interpolate. One may also use the results in section 10 to change pr in the 
master table so that the relations between (pr,Pi,Pz) hi the table become closer to the 
ones for which the sampling plan is required. From a practical point of view, however, 
the master tables combined with the rule above will normally suffice.
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An example lias been given in Table 7. The conversion factor for N is found as

3/’1(2,0.6,4.0)/| 1 + 30 J = 3x1.29/3.78
\ 0.90x12

1.02.

The agreement between the approximate and the exact solution is very good. 
Using instead the method of section 8 we get = 1/3.78 = 0.265, z = 2.40,

p-JÅ = 0.0075, and p2/Â = 0.050, i.e. TV* = 0.6361V and n = n*/2.40. Since the mas
ter table does not contain the argument 0.0075 we may as an approximation use 
0.0070 which, however, will tend to give too small values of c.

The corresponding inverse formula takes the form 

Ps-Pr 1
ll’l(Pr - Pl))\\ 31ogTVy

(106)

where n0 denotes the sample size to be found in the master table for pr = 0.01, 
Pi = PilPr> 02 = P2I Pr> corresponding to the given lol size N.

As an example consider the determination of n for N = 50,000 and the para
meters given in Table 7. The value of 1/cp is 293 for j)1 = 0.006 and p2 = 0.040, and

|1- J = 0.929, so that we lind
\ 3 log TV/

n
1
3

(505 + 293(log3 + 0.61 log 2 - log 3.78)0.929)

1
= -(505 + 23) = 176

in agreement with the (rounded) exact solution, n = 175, given in Table 7.

12. Efficiency

In a previous paper [6] it has been proposed to define the efficiency of a sam
pling plan as

e(TV,n,c) = Ä0(TV)/Ä(TV,n,c) (107)

where 7?0(TV) denotes the costs of the optimum plan and R(N,n,c) denotes the costs 
of the plan in question.

We shall first discuss the efficiency of a sampling plan on the assumption that 
the optimum relationship between n and c has been used so that the loss in efficiency 
is due to using a wrong relationship between N and n. Looking at Fig. 2 it will be 
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seen that it does not matter much whether we use the value of c giving the absolute 
minimum of 7? or a neighbouring value of c provided n is chosen such that a (relative) 
minimum of R is obtained.

For a given set of parameters let (n0,c0) be optimum for A'o and (q.q) be op
timum for A4. From (26) it follows that

where
R(N,n,c) = li + (N - n)h(n,c)

h(n,c) = + y2l\p2).

Using the plan (n1}q) for lot size AT0 (instead of Ay) we find

^Ovo>7h’ci) = "i + (No - ni)h(nvci)
(108)

Il is therefore rather simple by means of the function R0(N) to evaluate the 
efficiency of plans contained in the master table in case such plans are used for the 
wrong value of N. The resulting efficiency is

7?i + (Ao n1)(/?0(A1) *h)/(Ai ni) (109)

Since R0(N) ~ n + l/^0 we have asymptotically

e(A^0,nlsq) ~ (n0 + + ----— 1 Y (110)

\ M \ Ai - w

Introducing n0 = (lnAT0)/çy0 + o(lnAr0) and considering iq as an arbitrary func
tion of Ay, n1 = g(No)/(po say, we find

e(Mnpq) ~ (lnA^)/(i/(A) + Are“ff(A)) (111)

for = o(N), which is the result given without proof in [6].
For g(N) = ÂlnAr we get e -> 1/Â for 1 but e -> 0 for 0 < 2. < 1, i.c. if 

we use a semilogarithmic relationship between n and N differing from the correct 
one then it is important to use too large a sample. For g(N) = N\ À > 0, we get e -> 0.

A more accurate expression than (111) may be found by using all three 
term of (61) which leads to
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Table 8.
Investigation of efficiency for sampling plans with an acceptance number deviating 1 

from the optimum, (e* = asymptotic efficiency).
pr = ps = 0.010, pt = 0.006, p2 = 0.040, iv2 = 0.05.

N n0 Co R «1 ci 100e 100e*

145 10 0 53 60 1 72 94
10 0 84 94

447 60 1 126 115 2 86 95

200 60 1 90 95
1010 115 2 170 3 92 96

115 2 93 96
1900 170 3 265 95225 4 97

326
170 3 95 96

3350 225 4 280 5 96 97
225 4 96 97

5700 280 5 386 335 6 97 98
280 5 96 97

9530 335 6 444 390 7 97 98
335 6 97 97

15800 390 7 502 8 98 98445
390 7 97 98

25800 445 8 559 500 9 98 98
445 8 97 98

42100 500 9 616 555 10 98 98
500 9 98 98

68300 555 10 672 615 11 98 98

This formula is, however, not of direct value because it contains which is 
unknown in practice. A simple and practically useful approximation is the following

e(N0,n1,c1) (112)

This formula will, however, give too large efficiencies for small values of n 
because the decision loss has been overestimated.

In connection with the various approximations developed in the preceding 
sections is has repeatedly been stated that the value of c found by using the approx
imations will normally not deviate more than 1 from the correct value (for 
(1V < 200,000). It is therefore of importance to know the efficiency of a plan for 
which I— c0| = 1.

If |c‘i-c0| = a (constant) then |n1 - 7?0| = aß and e -+ 1 for A'o -> oo. Expanding 
the denominator of (112) we find for small values of yoaß
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(113)

which converges rather fast to 1 for z?0 -> oo and a = 1 . By means of the results of 
section 6 it will be seen that this asymptotic efficiency (as a function of c0) is independ
ent of the “quality level’’.

An example has been given in Table <S. The costs for each optimum plan have 
been compared with the costs of using a neighbouring plan, i.e. cx = c() ± 1. The 
efficiency has been compared with the asymptotic efficiency found from (112). It 
will be seen that the efficiency is larger than 0.90 for c â 2 and that the asymptotic 
formula gives too high an efficiency for small N. (A’ has been chosen as the geometric 
mean of the smallest and largest A" for each c). This conclusion is typical for the cases 
investigated.

The conversion formulas and tables show how sensitive the solution is to changes 
of the parameters. A change of u?2 from 0.05 to 0.10, say, means, that Ar has to be 
multiplied by a factor of about 1.3 and the corresponding n should be increased by 
about 30. (In most systems of sampling plans in practical use to-day the same plan 
is used for a rather large zV-interval, the ratio between endpoints usually being 1.5 
or larger). As an example consider the case with pr = ps = 0.010, />l = 0.006 and 
p2 = 0.040 as shown in the following table.

Optimum sampling plans.
ZZ>2 = 0.05 «»2 = 0.10

N n c n c
500 60 1 85 1

1000 115 2 140 2
5000 275 5 305 5

10000 335 6 405 7
50000 505 9 575 10

100000 610 11 635 11

For most lot sizes we find the same value of c■ and a difference in n of about
25, in other cases the difference in c is 1 and the difference in n correspondingly 
larger. It is immediately clear that using the plans corresponding to = 0.05 if the 
true value of m2 is 0.10 does not lead to an essential loss in efficiency.

The conclusion is that even if the value of iv2 used deviates from the true value 
by a factor of 2 the method will nevertheless lead to a sampling plan of very high 
efficiency.

Similar conclusions may be drawn for the other parameters by studying the 
conversion formulas.

The main reason w hy changes of and iv2 docs not affect the optimum solution 
seriously is that p0 and g0 are independent of pr and iv2.
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Since the most important relation in the system is

1
c + Ô = PoCn - a)

it is of importance to know how p0 depends on p1 and p2. 
From

din Po 
d In j)1

Po-Pi n , dlnp0 ------ > 0 and
71 dlnp2

71 In -
72

P2 Z_Pi 
i72 In

72

it follows that p0 is an increasing function of as well pr as p2. Furthermore we have 
approximately

dlnpo ; dlnp0 ~
d Inpr d \n p2

Within the domain of variation tabulated the first term is on the average 0.35 
and the second 0.65.

The coefficient poa. varies rather slowly with (pi»p2).
It follows that pQ is known with a relative error of about the same size as the 

relative errors of px and p2.
If the choice of pr and p2 is doubtful then pi should be chosen too large and p2 

too small (by about half of the percentage error in p1) because the two errors will 
lend to counterbalance one another and thus give the correct p0. The reason for 
bringing the two parameters closer together in case of doubt lies also in the fact that 
y0 is a decreasing function of p} and an increasing function of p2. Since n ~ (logïV)/ç?0 
the proposed rule will lead to a larger sample size than the optimum one which nor
mally gives a better efficiency than too small a sample.

Table 9 shows the efficiency of using a plan obtained by entering the master 
table by a wrong value of p1,p2 or both. It is assumed that the true values of (p1?p2) 
are (0.006,0.040) and optimum plans have been substituted by plans obtained by 
using neighbouring values of (p15p2) in the tables, i.e. the relative error of p2 is 17 % 
and the relative error of p2 is 12.5% downwards and 25% upwards. The table 
shows that the efficiency in all cases is larger than 90 % for AT < 10,000. For 
N = 200,000, however, the efficiency falls to 58% in the worst case, i.e. the case 
where p2 is chosen 25 % too large.

The results in the table support the statement above that in case of doubt it is 
important to use a large value of pi and a small value of p2.
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A remark on llie definition of efficiency. For a lot containing A' defectives accept
ance without inspection is cheaper than rejection without inspection for X [Npr]. 
Classifying all lots in this way the average costs become

[Npr] N

A'a-. " 1 (VA, + -V.42)/a.(A') + 2 ++ + ™.,)/A.(.V).
A' = 0 A = [Npr] + 1

It is easily seen that KNm/N -+ km for N -> oo, see (1 5), and that KNm < Nkm = Km.
It would be more correct to define efficiency as the ratio of costs in excess of 

KNm instead of Km as in (107). This modification will increase the efficiencies for small 
A7 slightly whereas the above results regarding asymptotic efficiency will be unchanged. 
In Table 8 the first 5 efficiencies would be 83,87,89,91, and 93, whereas the remaining 
are unchanged, and in 'fable 9 the only change would be to increase 5 of the values 
of 100e for N = 200 by 1 .

13. An example

Consider now an example starling from the original cost functions. To show 
the various aspects of the method the example will be worked out in more detail 
than is necessary for routine applications.

Let the three cost functions be ks(p) = 23 + 35p, År(p) = 16 + 35p, 2ca(p) = 720p, 
the coefficients denoting costs per item in cents, say, i.e. the costs of sampling and 
testing is 23 cents per item in the sample and the costs of accepting a defective item 
is 720 cents etc., see section 2.

Let us further assume that lots are generated with probability iu± = 0.93 from 
a binomially controlled process with pt = 0.009 and with probability iv2 = 0.07 from 
a process with p2 = 0.080.

The costs may then be described as in the following table:

w P *s(p) Å-r(p) Mp) MP) l^r(P) - ka<P)\
0.93 0.009 23.315 16.315 6.480 6.480 9.835
0.07 0.080 25.800 18.800 57.600 18.800 38.800
Average 0.014 23.489 16.489 10.058 7.342 11.863

From (12) we find 
pr = (16-0)/(720-35) = 0.0234, 

from (28)
pm = 0.93x0.009 + 0.07x0.0234 = 0.0100, 

and from (22)
p8 = (23-0)/(720-35) = 0.0336.

Mat.Fys.Skr.Dan.Vid.Selsk. 3, no. 2. 4
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To find the optimum plan for A’ = 500 from the master table with pr = ps 
= 0.010 we first have to find the conversion factor Ås which corrects for the difference 
between ps and pr, i.e.

336-234
Åg =14---------------------  = 1.76.

0.93(234-90)

To use the method of section 8 we find y2 = 0.296, Z = 1.97, p-JÅ = 0.0046 
= 0.005, p2/Å = 0.041 ~ 0.040, and Ar:': = 1.97 AT/1.76 = 1.12 N = 560. From the 
master table we read (n*,c*) = (60,1) which gives n = 60/1.97 = 30 as the optimum 
sample size.

To illustrate the method of section 11 we have to find the conversion factor /j 
and the correction corresponding to the change from w2 = 0.05 to 0.07. Since 

= 90/234 = 0.385 0.40 and o2 = 800/234 = 3.42 3.50 we have /x = 1.13 and
= 15. We (hen enter the master table with

A’* = Arx2.34x 1.13/1.76 = 1.50 A7 = 750

and find (n*,c:i:) = (60,1) which finally gives (n,c) = (30,1 ) since (60 4- 1 5)/2.34 = 32.
To find the corresponding value of 7? we first compute

= 0.93(234-90)/(336-100) = 0.567
and

y2 = 0.07(800 - 234)/(336 - 100) = 0.168 
which lead to

H - n + {N-n)(0.561Q(ill') + 0.A68P(p2)').

From a table of the binomial distribution one finds for (n,c) = (30,1) that 
0(/h) = 0.02982 and P(p2) = 0.29579 and consequently

7? = 30 + 470x0.0666 = 61.3.

The costs of sampling inspection and the average decision losses per lot are thus 
of nearly the same size.

Returning to the original monetary unit we find

k-km = K(i-s-*m)/500 = 1.98
and finally

k = 7.34+ 1.98 = 9.32.

We thus have the following conclusion:
The quality of submitted lots is such that on the average costs per item will be 

7.34 cents if all lots are classified correctly, i.e. all lots from process No. 1 are accepted 
and all lots from process No. 2 are rejected. To decide whether to accept or reject we 
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inspect a sample of 30 items at the average costs of 0.97 cents per item of the lot. 
The decision losses will be 1.01 cents per item of the lot on the average. The first 
part of the costs, 7.34, depends on the prior distribution and can only be reduced by 
producing (or buying) lots of better quality. The second part, 1.98, depends on the 
sampling plan used. Since we have here used the optimum plan any change in sample 
size or acceptance number will result in increased costs. The average costs of accepting 
all lots without inspection are 10.00 cents per item.

The two functions k0(p) = K0(p)/N and k(p) = K(p)/N have been shown in 
Fig. 1 for the example above.

14. General remarks

There exists already a great body of theories and tables for constructing single 
sampling attribute plans based on two specified quality levels (pi»p2) an(l some further 
requirements. To see how the present paper lits into this the most important systems 
have been listed below by stating the “further requirements” for each system:

(a) . Specification of the producer’s and the consumer’s risks, see for instance 
Peach and Littauek [7] and Grubbs [8].

(b) . Specification of the consumer’s risk and minimization of the average amount 
of inspection for lots of process average quality (pi) in the case of rectifying inspec
tion, see Dodge and Romig [9].

(c) . Specification of the consumer’s risk and minimization of the average costs 
for lots of process average quality (p1), i.e. a generalization of the Dodge-Romig 
LTPD system requiring specification of one cost parameter, see Hald [10].

(d) . Specification of two cost parameters, pr and ps, and a weight, w2, and 
minimization of the average costs, as for instance in the present paper.

It follows from the results of the present paper that from an economic point of 
view it is not advisable to fix the consumer’s or the producer's risk. On the contrary 
the producer’s and the consumer’s risks should both tend to zero with increasing lot size. 
This theorem is valid not only for the double binomial prior distribution but for any 
prior distribution, and it is valid not only for the Bayes solution but also for the min
imax solution (/q < pr < p2), the only difference being the speed of the convergence. 
For a discrete prior distribution the risks tend to zero inversely proportional to N, 
see (63) and (64). These considerations lead to the result that if one wants a system 
with a fixed risk then the risk should be fixed to 50 per cent at a point between pi and 
p2. We may therefore increase the list of systems of sampling plans above by the 
following item:

(e) . Minimization of average costs for lots of process average quality (pi) under 
the restriction that P(p0) = 1/2. Such a system, named //?e IQL system (indifference 
Quality Level) has been discussed by Hald, see [6] and [10], and will be further 
discussed in a forthcoming paper. This system requires the specification of p0 and

4* 
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a cost parameter. In view of the asymptotic relation ((>(>) between c ami /? it is clear 
that p0 should be determined from (52).

The simplest possible system based on Me specification of tivo risks and having 
the same properties as the Bayes solution may be formulated as follows:

(f).  Specification of the consumer’s or the producer’s risk as inversely propor
tional to lot size, and P(p0) = 1/2.

This system requires only the specification of one parameter (besides the two 
quality levels) and it is extremely simple to handle both mathematically and numeri
cally. This is due to the fact that the equation P(po) = 1/2 has the solution c = np0 
+ (p0-2)/3 (with sufficient accuracy for all practical applications, perhaps apart 
from the case c = 0 where the exact solution may be easily found) and that the other 
equation, ()(/q) = oc/N say, may be solved with respect to N for related values of 
(n,c) from the first equation. Setting c = 0,1,2,... and solving the first equation for 
n, the second equation gives A7 = a/(l — B(c,n,Pi)) which may easily be found by 
means of a table of the binomial (or the Poisson) distribution. The only difficulty 
lies in the choice of a. If the problem is fully specified one may naturally choose a 
as the coefficient of 1 /N in (03) and the system will then asymptotically give an ap
proximation to the Bayes solution. The reason for using the simple system will, 
however, usually be that some of the parameters in the problem are unknown and in 
that case the choice of a will to some extent be arbitrary, just as in the other cases 
the choice of the producer’s or the consumer’s risk is arbitrary. This system of sam
pling plans will be discussed in more detail in the forthcoming paper on the IQL 
system.

Turning to applications it is important to notice that a system of sampling plans 
in practice often is required to serve several purposes. In particular we shall here 
stress (a) that the system should protect the consumer against deterioration of the 
prior distribution, (b) that the system should work as an incentive for the producer 
to produce better quality or at least to keep to the quality agreed upon, see Hill [11], 
and (c) that (average) costs should be minimized. The first two requirements are 
concerned with consequences of changes of the prior distribution and (he problem 
should therefore really be formulated as a dynamic one. However, since a dynamic 
model at present is lacking we shall try to indicate how the Bayesian solution may be 
modified to take requirements (a) and (b) into account.

One of the arguments advanced against the Bayesian method in general has 
been that a prior distribution does normally not exist. This may be true in many 
fields but certainly not for industrial mass production with its effective planning and 
control of operations. Admittedly the prior distribution may change, but changes are 
usually rather small and slow within a given production period in which the same 
machinery, techniques, and raw materials are being used. We are here not concerned 
about isolated very poor Jots which may occasionally occur since any sampling plan 
will detect such lots.

Published data on prior distributions are scarce. Whether the double binomial 
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distribution is a reasonable approximation to distributions occurring in practice is 
not known. According to the experience of the author mixed binomial distributions 
with beta-distributions as weight functions are rather common. (A paper analogous 
to the present one will present the corresponding theory and tables for the beta-distri
bution).

One of the drawbacks of the Bayesian solution from a practical point of view' 
is that the solution may be acceptance (or rejection) without inspection. If one is not 
completely confident that the prior distribution used is the right one and is stable, 
then a sampling plan is required to guard against deterioration of the prior distri
bution. One possibility is to use the first or one of the first Bayesian sampling plans 
in the appropriate table. If that is not satisfactory one may in such cases use an 
7()L plan.

The same procedure may be used to satisfy requirement (a) above. Il should 
first of all be noted that if a Bayesian sampling plan exists then some protection against 
deterioration of the prior distribution is automatically obtained and the protection 
may in the usual way be expressed by means of the OC curve. It is always easy when 
the plan has been found to compute the consumer’s risk and then to decide whether 
the risk is sufficiently small. If the consumer’s risk is too large one may again find 
a sufficiently large sample in the same table or turn to an IQL plan or a LT Pl) plan.

The price to be paid for obtaining the required protection is naturally that the 
plan used will not minimize costs if the prior distribution holds. If the change in the 
value of c is not large the increase in costs will, however, be small.

For large lots the consumer’s risk for the Bayesian sampling plan will usually 
be much smaller than 10 per cent so that the problem does only exist for small lots.

The incentive for the producer to keep to the specified quality is usually obtained 
by alternating between normal and tightened inscpection in a specific way such that 
the system reacts upon observed changes in the prior distribution. If it was possible 
to estimate in what way the distribution had changed the reaction could be made to 
depend on the change. In practice, however, one want to install tightened inspection 
as soon as possible on the basis of some over-all criterion, for example when the 
number of lots rejected exceeds some critical limit. A thorough theory does not exist 
but some rules have been found to work satisfactory in practice. The Military Standard 
105 1) uses the same sample size for normal and tightened inspection and a reduced 
acceptance number, cT, for tightened inspection. The difference between the two 
acceptance numbers, cN-cr, equals 1 for 2 4, 2 for 5 cN 20, and 3
for cN 21 . For cN = 0 or 1 , cT is usually equal to cN but the sample size is increased 
for tightened inspection. Similar rules may be used for the present tables although 
it has to be realized that the resulting plans will not be minimum-cost plans. The 
main point is, that under normal conditions the plans w ill minimize costs and that 
the plans may be adjusted to changes in the prior distribution so that costs are min
imized under the new conditions. If, how ever, the incentive aspect of sampling inspec
tion is more important for the user of the system than to minimize costs in case of 
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change of the distribution then some form of tightened inspection may be introduced 
with the result that during periods of tightened inspection the plans will not minimize 
costs.
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Appendix
Master Tables of Sampling Plans 

Tables of Conversion Factors 

Summary of Conversion Formulas

All sampling plans in the master tables assume pr = ps and iv2 = 0.05. In the 
first set of tables pr = 10% and (p1,p2) take on the values

p1 = 2.0, 2.5, 3.0, 3.5, 4.0, 5.0, 6.0, 7.0%
p2 = 15.0, 17.5, 20.0, 25.0, 30.0%.

In the second set of tables pr = 1 % and Çp1,p2) lake on the values

= 0.20, 0.25, 0.30, 0.35, 0.40, 0.50, 0.60, 0.70%
p2 = 1.50, 1.75, 2.00, 2.50, 3.00, 3.50, 4.00, 5.00, 6.00, 7.00%.
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Relation between pr and w2 for fixed (/Uo’/^O’T'a)-
Use the same sampling plan for m2 = 0.05 and pr0 = 0.01 (0.10) as for iv2 and

Pr = 0.01/'(0.10/) where /'is given in the table.

100h>2 1.5 2.0
Q2 ~ PiolPrV)

3.0 5.0 7.0 = Pio/PrO

1 0.51 0.44 0.40 0.38 0.37 0.2
0.78 0.77 0.76 0.76 0.76 0.7

0.70 0.63 0.58 0.55 0.53 0.2
0.85 0.84 0.83 0.82 0.82 0.7

0.83 0.78 0.73 0.70 0.69 0.2
3 0.91 0.89 0.89 0.88 0.88 0.7

0.93 0.90 0.87 0.86 0.85 0.2
4 0.96 0.95 0.94 0.94 0.94 0.7

1.00 1.00 1.00 1.00 1.00 0.2
5 1.00 1.00 1.00 1.00 1.00 0.7

1.06 1.09 1.11 1.14 1.15 0.2
6 1.04 1.05 1.05 1.06 1.06 0.7

1.10 1.16 1.22 1.27 1.29 0.2
7 1.07 1.09 1.11 1.12 1.12 0.7

8
1.14 1.22 1.31 1.39 1.43 0.2
1.10 1.13 1.16 1.17 1.18 0.7

9 1.18 1.28 1.40 1.51 1.56 0.2
1.12 1.17 1.21 1.23 1.24 0.7

10 1.20 1.33 1.48 1.63 1.69 0.2
1.15 1.20 1.25 1.29 1.30 0.7

1.25 1. 11 1.63 1.84 1.95 0.2
12 1.19 1.27 1.34 1.40 1.42 0.7

1.28 1.48 1.75 2.03 2.19 0.2
14 1.22 1.33 1.43 1.51 1.54 0.7

16 1.31 1.54 1.86 2.22 2.41 0.2
1.25 1.38 1.51 1.62 1.67 0.7

18 1.33 1.58 1.95 2.38 2.63 0.2
1.27 1.42 1.59 1.72 1.79 0.7

1.35 1.63 2.03 2.54 2.84 0.2
20 1.29 1.46 1.66 1.83 1.91 0.7
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Table of bv b2, and b3.

Qi
= PilPr 1.5

— P2/Pr
7.02.0 3.0 5.0

0.63 0.64 0.65 0.66 0.67
0.2 0.24 0.27 0.31 0.35 0.37 ^2

1.42 1.29 1.15 1.03 0.96 ^3

0.61 0.62 0.64 0.65 0.65
0.3 0.19 0.23 0.27 0.31 0.34 b2

1.69 1.48 1.28 1.11 1.03 ^3

0.60 0.61 0.63 0.64 0.64
0.4 0.16 0.19 0.24 0.29 0.32 ^2

1.99 1.69 1.41 1.19 1.08

0.59 0.60 0.62 0.63 0.63 bl

0.5 0.13 0.17 0.21 0.27 0.30
2.33 1.91 1.54 1.27 1.14 ^3

0.58 0.59 0.61 0.62 0.62 bt

0.6 0.11 0.15 0.19 0.25 0.28 b2

2.74 2.15 1.68 1.34 1.19 ^3

0.58 0.59 0.60 0.62 0.62 bl

0.7 0.09 0.13 0.18 0.23 0.26 b2

3.24 2.42 1.82 1.42 1.25 b3
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Conversion factor /2 for N due lo a change in pr = ps for 
Use AT* = ïV/2 as argument in the master table lo 1

Pr = Ps = b.012 or 0.10Â, (p1,p2>«;2) are giycn *n master tables, 
lbpi, (?2 = 100p2 or 10p2.

2)-

lOOpj or

t>2 9i Â = 0.50 0.60 0.70 0.80 0.90 1.00 1.25 1.50 1.75 2.00 3.00

0.2 1.80 1.52 1.33 1.18 1.08 1.00
0.3 2.21 1.79 1.50 1.28 1.12 1.00 - - - - -

1.5 0.4 - 2.11 1.69 1.38 1.16 1.00 - - - - -
0.5 - - 1.90 1.50 1.21 1.00 - - - - -
0.6 - - - 1.64 1.27 1.00 - - - - -
0.7 - - - - 1.00 - - - - -

0.2 1.69 1.47 1.30 1.18 1.08 1.00 0.87 — — — —
0.3 1.92 1.63 1.41 1.24 1.10 1.00 0.82 - - - -

2.0 0.4 - 1.79 1.52 1.30 1.13 1.00 0.78 - - - -
0.5 - - 1.62 1.36 1.16 1.00 0.73 0.58 - - -
0.6 - - - 1.42 1.19 1.00 0.69 0.52 - - -
0.7 - - - - 1.21 1.00 0.65 0.47 - - -

0.2 1.53 1.38 1.25 1.15 1.07 1.00 0.88 0.80 - - -
0.3 1.64 1.46 1.31 1.19 1.08 1.00 0.85 0.74 0.67 - -

3.0 0.4 - 1.52 1.36 1.22 1.10 1.00 0.82 0.70 0.62 0.56 -
0.5 - - - 1.24 1.11 1.00 0.80 0.66 0.57 0.50 -
0.6 - - - - 1.12 1.00 0.78 0.63 0.53 0.46 -
0.7 - - - - - 1.00 0.76 0.60 0.49 0.11 -

0.2 1.39 1.28 1.19 1.12 1.05 1.00 0.89 0.82 0.76 0.72 -
0.3 - 1.31 1.22 1.13 1.06 1.00 0.88 0.79 0.72 0.67 -

5.0
0.4 - - 1.23 1.14 1.07 1.00 0.86 0.76 0.69 0.63 0.50
0.5 - - - 1.1 1 1.07 1.00 0.85 0.74 0.66 0.60 0.46
0.6 - - - - - 1.00 0.85 0.73 0.65 0.58 0.42
0.7 - - - - - 1.00 0.85 0.73 0.63 0.56 0.39

0.2 1.31 1.23 1.16 1.10 1.05 1.00 0.91 0.84 0.79 0.74 0.65
0.3 - 1.24 1.17 1.11 1.05 1.00 0.89 0.81 0.75 0.70 0.59

7.0< 0.4 - - - 1.11 1.05 1.00 0.89 0.80 0.74 0.68 0.55
0.5 - - - - 1.05 1.00 0.89 0.79 0.72 0.66 0.52
0.6 - - - - - 1.00 0.89 0.79 0.72 0.65 0.50
0.7 - - - - - 1.00 0.90 0.80 0.72 0.65 0.48



Nr. 2 85

Correction g2 to n:i: due to a change in pr = ps.
Reference value = ps = 0.010. n = n* + g2.

For pr = ps = 0.10 the correction is g2/10 (rounded down).

02 0i Â = 0.50 0.60 0.70 0.80 0.90 1.00 1.25 1.50 1.75 2.00 3.00

0.2 130 100 70 50 25 0
0.3 160 120 85 55 30 0 - - - - -

1.5. 0.4 - 150 105 65 35 0 - - - - -
0.5 - - 135 85 40 0 - - - - -
0.6 - - - 115 50 0 - - - - -
0.7 - - - - - 0 - - - - -

0.2 75 55 40 25 15 0 -30 - — —
0.3 95 70 50 30 15 0 -35 - - - -

2.0<
0.4 - 90 60 35 15 0 -40 - - - -
0.5 - - 80 45 20 0 -45 - 90 - - -
0.6 - - - 60 25 0 -55 -105 - - -
0.7 - - - - 40 0 -70 -125 - - -

0.2 40 30 20 15 5 0 - 15 - 25
0.3 55 10 25 15 5 0 - 15 - 30 -45 - -

3.0 0.4 - 50 30 20 10 0 -20 - 35 -50 — 65 -
0.5 - - - 25 10 0 -20 40 -55 -70 -
0.6 - - - - 15 0 - 25 - 45 -60 -80 -
0.7 - - - - - 0 -30 - 55 -75 -90 -

' 0.2 20 15 10 5 5 0 - 5 - 15 -20 -20
0.3 - 20 15 10 5 0 - 10 - 15 20 -25 -

5.0. 0.4 - - 15 10 5 0 - 10 - 15 -20 -25 -45
0.5 - - - 10 5 0 - 10 - 20 -25 -30 -50
0.6 - - - - - 0 - 10 - 20 -30 — 35 -55
0.7 - - - - - 0 - 15 25 -35 -40 -60

0.2 15 10 5 5 0 0 5 10 - 10 - 15 -25
0.3 - 15 10 5 0 0 - 5 10 - 10 -15 -25

7.0 0.4 - - - 5 5 0 5 10 - 15 - 15 -25
0.5 - - - - 5 0 - 5 10 - 15 -20 -30
0.6 - - - - - 0 - 10 15 -20 -20 -35
0.7 - - - - 0 - 10 15 -20 -25 -35
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Conversion [actor j\ for N due to a change in u>2.

Use
Reference value of w2 = 0.05, ps = 

N* = Nfr as argument in the master table
/V- 
to find (n*,c*).

100iv2 1.5 2.0
Pz/Pr

3.0 5.0 7.0 PdPr

1 0.54 0.56 0.58 0.61 0.63 0.2
0.46 0.48 0.51 0.54 0.57 0.7

2 0.70 0.72 0.74 0.76 0.77 0.2
0.65 0.66 0.68 0.71 0.73 0.7

0.82 0.83 0.84 0.86 0.87 0.2
0.78 0.79 0.81 0.83 0.84 0.7

0.92 0.92 0.93 0.94 0.94 0.2
0.90 0.90 0.91 0.92 0.93 0.7

1.00 1.00 1.00 1.00 1.00 0.2
1.00 1.00 1.00 1.00 1.00 0.7

1.07 1.07 1.06 1.06 1.05 0.2
6 1.09 1.09 1.08 1.07 1.06 0.7

1.14 1.13 1.12 1.10 1.09 0.2
1.17 1.16 1.15 1.13 1.12 0.7

8 1.19 1.18 1.16 1.15 1.13 0.2
1.25 1.24 1.21 1.19 1.17 0.7

9 1.25 1.23 1.21 1.18 1.17 0.2
1.32 1.30 1.27 1.24 1.22 0.7

10
1.30 1.27 1.25 1.22 1.20 0.2
1.39 1.37 1.33 1.29 1.26 0.7

1.38 1.36 1.32 1.28 1.25 0.2
12 1.51 1.48 1.43 1.38 1.34 0.7

1.46 1.43 1.38 1.33 1.30 0.2
14 1.63 1.58 1.52 1.45 1.40 0.7

1G 1.53 1.49 1.44 1.38 1.34 0.2
1.73 1.68 1.61 1.52 1.46 0.7

18 1.60 1.55 1.49 1.42 1.38 0.2
1.83 1.77 1.68 1.58 1.52 0.7

1.65 1.60 1.53 1.46 1.41 0.2
20 1.92 1.85 1.75 1.64 1.56 0.7
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For pg = pr -= 0.10 the correction is ÿj/10 (rounded down).

Correction f/1 to n* due to a change in w2.
Reference value of w2 = 0.05, ps = pr = 0.01. n = n:i: + <7i.

100tu2 1.5 2.0
PilPr

3.0 5.0 7.0 Pi/Pr

- 125 - 90 -60 -35 -25 0.2
- 205 - 125 -70 -35 -25 0.7

2
- 70 - 50 -35 -20 - 15 0.2
- 115 - 70 -40 -20 - 15 0.7

40 - 30 -20 - 10 -10 0.2
- 65 - 40 - 25 - 10 - 10 0.7

- 20 - 15 - 10 - 5 - 5 0.2
- 30 - 20 - 10 - 5 - 5 0.7

0 0 0 0 0 0.2
0 0 0 0 0 0.7

6
15 10 5 5 5 0.2
25 15 10 5 5 0.7

7 25 20 15 5 5 0.2
45 25 15 10 <5 0.7

8 40 30 20 10 5 0.2
60 40 20 10 10 0.7

9 50 35 20 15 10 0.2
80 50 25 15 10 0.7

10 55 40 25 15 10 0.2
90 55 30 15 10 0.7

12
75 50 35 20 15 0.2

120 70 40 20 15 0.7

14 85 60 40 25 15 0.2
140 85 50 25 15 0.7

16 100 70 45 25 20 0.2
160 100 55 30 20 0.7

18 110 80 50 30 20 0.2
175 110 60 30 20 0.7

20 120 85 55 30 20 0.2
195 120 65 35 25 0.7
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Summary of conversion formulas
to find

(??,c) corresponding to (A7, pr,ps,p1,p2,u>2)
from

(n*,c*) in the master table for (N*,prQ,p1())p20).

f 0.01|/v S 0.051 
for y

l/V > O.OaJ
use master table with pr0

JL
(i i Ps~Pr V

\ ll,l(Pr - Pi)

Formula 1.

Use
"’l<Pr ~ Pl)

and Â/>r0 Pz + W2P1

1 + 1 9/2

AU AASÂ, pr0, p10 - j)l/Å, p20 - p2/Â

as arguments to find (n*,c*) in the master table.

(n,c) = (n*/A,c*).

If (Pio»/>2o) fell outside the tabulated range use formula 2.

Formula 2.
Â = PrlPrfr Q1 = Pli Pr’ Qz = Pz/Pr

Use
Nr = ^s^/l(z/;2> 21> (?2)’ PrO’ P10 = QlPrO’ Pzo = QzPrO

as arguments to find (n*,c*) in the master table.

(n,c) = ((n:!: + Co 22»M’r:i:)-

Indleveret til Selskabet den 18. februar 1965.
Færdig fra trykkeriet den 11. oktober 1965. 
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